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Abstract. Let (M, g) be a compact Riemannian manifold of dimension n > 
3. We suppose that g is a metric in the Sobolev space H% (M, T*M (g) T* M) 
with p > ^ and there exist a point P S M and <5 > such that g is smooth 
in the ball B P (S). We define the second Yamabe invariant with singularies as 
the infimum of the second eigenvalue of the singular Yamabe operator over a 
generalized class of conformal metric to g and of volume 1 . We show that this 
operator is attained by a generalized metric, we deduce nodal solutions to a 
Yamabe type equation with singularities. 



1. Introduction 

Let (M, g) be a compact Riemannian manifold of dimension n > 3. The prob- 
lem of finding a metric conformal to the original one with constant scalar curvature 
was first formulated by Yamabe ([9]) and a variational method was initiated by this 
latter in an attempt to solve the problem. Unfortunately or fortunately a serious 
gap in the Yamabe was pointed out by Trudinger who addressed the question in 
the case of non positive scalar curvature ([§]). Aubin (j2]) solved the problem for 
arbitrary non locally conformally flat manifolds of dimension n > 6. Finally Shoen 
([7]) solved completely the problem using the positive-mass theorem founded previ- 
ously by Shoen himself and Yau . The method to solve the Yamabe problem could 
be described as follows: let u be a smooth positive function and let ~g — u N ~ 2 g 
be a conformal metric where N = 2n/(n — 2). Up to a multiplying constant, the 
following equation is satisfied 

L g (u) = S s \u\ N -*u 

where 

_ 4(n-l) 
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and Sg denotes the scalar curvature of g. L g is conformally invariant called the 
conformal operator. Consequently, solving the Yamabe problem is equivalent to 
find a smooth positive solution to the equation 



(f) Lg{ U ) = fc/" 1 

where k is a constant. 

In order to obtain solutions to this equation, Yamabe defined the quantity 

fi(M,g)= inf Y(u) 

«ec°°(M), «>o 



where 

Im (^IVhI 2 + V 2 ) dv g 



Y(u) 



(f M \u\»dv g f N 

/J,(M, g) is called the Yamabe invariant, and Y the Yamabe functional. In the sequel 
we write \i instead of \i (M,g). Writing the Euler-Lagrange equation associated to 
Y, we see that there exists a one to one correspondence between critical points of 
Y and solutions of equation (fTJ). In particular, if u is a positive smooth function 
such that Y(u) = fi, then u is a solution of equation ([lj and g = u^ N ~ 2 ^ g is metric 
of constant scalar curvature. The key point to solve the Yamabe problem is the 
following fundamental results due to Aubin ( [2]). Let S n be the unit euclidean 
sphere. 

Theorem 1. Let (M,g) be a compact Riemannian manifold of dimension n > 
3. If fj,(M,g) < ji{S n ), then there exists a positive smooth solution u such that 
Y(u)=fi(M,g). 

This strict inequality /j,(M,g) < n(S n ) avoids concentration phenomena. Ex- 
plicitly /i(5Vi) = n(n — l)uin^ n where u> n stands for the volume of S n . 

Theorem 2. Let (M,g) be a compact Riemannian manifold of dimension n > 
3. Then 

n(M,g)<iJi(S n ). 

Moreover, the equality holds if and only if (M, g) is conformally diffeomorphic to 
the sphere S n . 

Amman and Humbert (pQ) defined the second Yamabe invariant as the infimum 
of the second eigenvalue of the Yamabe operator over the conformal class of the 
metric g with volume 1. Their method consists in considering the spectrum of the 
operator L g 

spec(Lg) = {Ai, s , A 2 , g . . .} 
where the eigenvalues Ai i9 < A2, g . . . appear with their multiplicities. The varia- 
tional characterization of Ai i9 is given by 



Ai,„ = inf 



Im (^\^\ 2 + S 9 u 2 ) dv g 



i6C°°(m), u>o j M u 2 dv g 
Let 

[g] = {u N - 2 g, ueC°° (M) , u > 0} 
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Then they defined the k Yamabe invariant with k € N*, by 

2/n 

H k = _inf X kt gVol(M,g) . 
gels] 

With these notations is the Yamabe invariant. They studied the second Yamabe 
invariant /i 2 , they found that contrary to the Yamabe invariant, fi 2 cannot be 
attained by a regular metric. In other words, there does not exist g € [g] , such 
that 

2/n 

V 2 = \2,gVol(M,g) . 

In order to find minimizers, they enlarged the conformal class to a larger one. A 
generalized metric is the one of the form ~g = u N ~ 2 g , which is not necessarily pos- 
itive and smooth, but only u € L N (M), u > 0, u ^ and where N — 2n/ (n — 2) . 

2/n 

The definitions of \2,g and of Vol(M, g) can be extended to generalized metrics. 
The key points to solve this problem is the following theorems (PQ). 

Theorem 3. Let (M,g) be a compact Riemannian manifold of dimension n > 
3, then fi 2 is attained by a generalized metrics in the following cases. 

r , i 2 /" 

H > , M2 < [(p n/2 + (p(Sn)) n/2 

and 

fX = 0, [12 < ti(S n ) 

Theorem 4. The assumptions of the last theorem are satisfied in the following 
cases 

If (M,g) in not locally conformally flat and, n > 11 and fi > 
If (M,g) in not locally conformally flat and, fi = and n > 9. 

Theorem 5. Let (M,g) be a compact Riemannian manifold of dimension n > 
3, assume that fi 2 is attained by a generalized metric g — u N ~ 2 g then there exist 
a nodal solution w S C 2 ' a {M) of equation 

L g (w) = n 2 \u\ N ~ 2 w 

such that 

\w\ = u 

where a < N — 2. 



In ([5]), recently F.Madani studied the Yamabe problem with singularities when 
the metric g admits a finite number of points with singularities and smooth outside 
these points. Let (M, g) be a compact Riemannian manifold of dimension n > 3, 
assume that g is a metric in the Sobolev space H^M^T* M £g> T*M) with p > S 
and there exist a point P G M and 5 > such that g is smooth in the ball 
Bp(S), and let (H) be these assumptions. By Sobolev's embedding, we have for 
p> f, H%(M,T*M ®T*M) C CM"/?-]./? (M,T*M ®T*M), where [n/p] denotes 
the entire part of n/p. Hence the metric satisfying assumption (H) is of class 
C' 1 ~[p]'' 3 with f3 € (0, 1) provided that p > n. The Christoffels symbols belong to 
Hf (M) ( to C° (M) in case p > n), the Riemannian curvature tensor, the Ricci 
tensor and scalar curvature are in L P (M). F. Madani proved under the assumption 
(H) the existence of a metric ~g = u N ~ 2 g conformal to g such that u € H^M), 
u > and the scalar curvature S-g of ~g is constant and (M, g) is not conformal 
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to the round sphere. Madani proceeded as follows: let u € H^M), u > be a 
function and g = u N ~ 2 g a particular conformal metric where N — 2n/(n — 2) .Then, 
multiplying u by a constant, the following equation is satisfied 



L„u=— -Sn\u\ N 2 u 



n-2 
4(n-lp 
where 

n — 2 

and the scalar curvature S g is in L P (M). Moreover L g is weakly conformally 
invariant hence solving the singular Yamabe problem is equivalent to find a positive 
solution u <E ff^Af ) of 



(2) L g u = k 



u. 



\N-2„ 



where k is a constant. In order to obtain solutions of equation ([2]) we define the 
quantity 

/i = inf Y(u) 

u€H%(M), u>Q 

where 

Im (iv«l 2 + ^s gU 2 ) dv g 



Y(u) = 



{Jm \u\ N dv g )VN 

fi is called Yamabe invariant with singularities. Writing the Euler-Lagrange equa- 
tion associated to Y , we see that there exists a one to one correspondence between 
critical points of Y and solutions of equation ([2]). In particular, if u 6 iJf is 
a positive function which minimizes Y, then u is a solution of equation^ and 
~g = u N ~ 2 g is a metric of constant scalar curvature and n is attained by a particu- 
lar conformal metric. The key points to solve the above problem are the following 
theorems ([5]). 

Theorem 6. Ifp > n/2 and /i < K~ 2 then equatioi^ admits a positive solution 
u e H%{M) C ^-["•/^(M) ; [n/p] is the integer part of n/p, /3 6 (0,1) which 
minimizes Y, where K 2 — n ^_i^ n 2 ^ n with uj n denotes the volume of S n . If 
p>n , then u G H v 2 (M) C C 1 (Af). 

Theorem 7. Let (Af , g) be a compact Riemannian manifold of dimension n > 
3. g is a metric which satisfies the assumption (H). If (M,g) is not conformal to 
the sphere S n with the standard Riemannian structure then 

(i < K- 2 

Theorem 8. f|5j ) On an n -dimensional compact Riemannian manifold (M,g), 
if u > is a non trivial weak solution in H\ (Af ) of equation Au + hu = 0, with 
h e L P (M ) and p > n/2, then u 6 C 1 ^!^^ and u > 0; [n/p] is the integer part 
of n/p and (3 £ (0, 1). 

For regularity argument we need the following results 



THE SECOND YAMABE INVARIANT WITH SINGULARITIES 



5 



Lemma 1. Let u G (M) and v G H 2 (M) a weak solution to L g (v) = u N 2 v, 
then 

v G L N+e {M) 

for some e > 0. 

The proof is the same as in ([5]) with some modifications. As a consequence of 
LemmaEl v G L S (M), Vs > 1. 

PROPOSITION 1. If g G H%(M,T*M <g>T*M) is a Riemannian metric on M 
with p > n/2. If g = u N ~ 2 g is a conformal metric to g such that u G H\ (M), 
u > i/ien L g is weakly conformally invariant, which means that Vw G H 2 (M), 
\u\ N ~ 1 L- g (v) = L g (uv) weakly. Moreover if /i > 0, then L g is coercive and 
invertible. 



In this paper, let (M, g) be a compact Riemannian manifold of dimension n > 3. 
We suppose that g is a metric in the Sobolev space H%(M,T*M (g) T*M) with 
p > n/2 and there exist a point P G M and £ > such that g is smooth in the 
ball Bp(5) and we call these assumptions the condition (H). 

In the smooth case the operator L g is an elliptic operator on M self- adjoint, 
and has a discrete spectrum Spec{L g ) = {\i, g , \2, g ,.--}, where the eigenvalues 
^i,g < ^2,g ■ ■ ■ appear with their multiplicities. These properties remain valid also 
in the case where S g G IP {M). The variational characterization of Ai g is given 

by 



•f 

Ai„ = mi 



V«| 2 + i^y S g u 2 ) dv g 



ueJ??,«>o J M u 2 dv g 

Let [g] = {u N ~ 2 g : u G H% and u > 0}, Let fc e N*, we define the k th Y&mabe 
invariant with singularities /i k as 

2/n 

H k = inf X k<g Vol(M,g) 

with these notations, [i Y i s the first Yamabe invariant with singularities. 

In this work we are concerned with [i 2 - I n order to find minimizers to /x 2 we 
extend the conformal class to a larger one consisting of metrics of the form g = 
u N ~ 2 g where u is no longer necessarily in iPj (-^0 an d positive but u G (M) = 
{L N (M), u>0,u^0} such metrics will be called for brevity generalized metrics. 
First we are going to show that if the singular Yamabe invariant /i > then /i 1 it 
is exactly /i next we consider /Lt 2 , /i 2 is attained by a conformal generalized metric. 

Our main results state as follows: 

Theorem 9. Let (M,g) be a compact Riemannian manifold of dimension 
n > 3 .We suppose that g is a metric in the Sobolev space H^iM \T* M ® T* M) 
with p > n/2. There exist a point P G M and 5 > such that g is smooth in the 
ball Bp(S), then 



Mi = M- 
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Theorem 10. Let (M,g) be a compact Riemannian manifold of dimension 
n > 3, we suppose that g is a metric in the Sobolev space H P (M,T* M ® T* M) 
with p > n/2 .There exist a point P £ M and 5 > such that g is smooth in the 
ball Bp(5) .Assume that [i 2 * s attained by a metric ~g = u N ~ 2 g where u £ L 1 ? (M), 
then there exist a nodal solution w £ C 1 i n ' p ''P , (3 £ (0, 1), of equation 

L g w = (i 2 u N ~ 2 w . 

Moreover there exist real numbers a, b > such that 

u = aw+ + bw- 

with w+ = sup(«;, 0) and w- = sup(— w, 0) . 

Theorem 11. Let (M,g) be a compact Riemannian manifold of dimension 
n > 3, suppose that g is a metric in the Sobolev space H^{M, T*M ®T*M) with 
p > n/2. There exist a point P £ M and 5 > such that g is smooth in the ball 
Bp(5) then \i 2 is attained by a generalized metric in the following cases: 
If (M, g) in not locally conformally flat and, n > 1 1 and /i > 
If (M,g) in not locally conformally flat and, fi — and n>9. 

2. Generalized metrics and the Euler-Lagrange equation 



Let 

L*(M) = {u £ L*(M): u > 0, u / 0} 

where N = 

71 — 2 

As in ((H) 

Definition 1. For all u £ i+(M), we define Gr%(H 2 (M)) to be the set of all 
k— dimensional subspaces of H 2 (M) with span(v\, V2, Wfc) £ Gr%(H 2 (M)) if and 
only if vi,V2, ...,Vk are linearly independent on M — m~ 1 (0). 

Let (M,g) be a compact Riemannian manifold of dimension n > 3. For a 
generalized metric g conformal to g, we define 

\ . , S M vL g( v ) dv 9 

\ k .g = mf sup-f — . 

a veGri{Hl(M)) v< z V J M \u\ N - 2 v 2 dvg 
We quote the following regularity theorem 

Theorem 12. [7] On a n -dimensional compact Riemannian manifold (M,g), 
if u > is a non trivial weak solution in H 2 (M) of the equation 

Au + hu = cu N ^ 

with h£L p (M) and p> n/2, then 

u £ H P (M) C C l ~^' p (M) 

and u > 0, where [n/p] denotes the integer part of n/p and {3 £ (0, 1). 

Proposition 2. Let (v m ) be a sequence in H\ (M) such that v m — > v strongly 
in L 2 (M), then for all any u £ L+(M) 

J u N - 2 (v 2 - v 2 m ) dv g -> 0. 
M 

PROOF. The proof is the same as in ([3]). □ 
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Proposition 3. If fx > 0, then for all u g L+(M), there exist two functions 
v,w in H 2 (M) with v >0 satisfying in the weak sense the equations 

(7) L g v = X h gU N ~ 2 v 
and 

(8) L g w = X 2 ,gU N - 2 w 
Moreover we can choose v and w such that 

(9) fW*.-fW*.-l an, =0. 

M M M 



Proof. Let (v rn ) m be a minimizing sequence for Ai ; § i.e. a sequence v m 6 H 2 
such that 

J M v m Lg(v m )dv g _ 

It is well know that (|f m |)m is also minimizing sequence. Hence we can assume 
that v m > 0. If we normalize (v m ) by 

/ \u\ N - 2 vldv g = l. 

JM 

Now by the fact that L g is coercive 




(c ra ) m is bounded in H 2 (M) and after restriction to a subsequence we may assume 
that there exist v G H 2 (M), v > such that v m — > v weakly in H 2 (M), strongly 
in L 2 (M) and almost everywhere in M , then v satisfies in the sense of distributions 

L g v — Xi : gU N ~ 2 v. 
Hue H P 2 {M) C C*Hp]' /3 then 




- v 2 m ) dv g ->■ 



M 



and 

j U N - 2 V 2 dVg = 1. 

M 

Then v is not trivial and nonnegative minimizer of Ai^, by Lemma [7] 
h = S g - \ h gU N - 2 G L P (M) 

and by Theorem [H] 

v G C7 1 -[?]' /3 (M) 

and 

v > 0. 

Hue £+(M), by Proposition [U, we get 

Ju N - 2 (v 2 ~v 2 Jdv g ^0 

M 
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SO 

/" 

M 



N - 2 v 2 dv a = 1. 



v is a non negative minimizer in H 2 of Ai.g such that / u 2 v 2 dv g = 1 



M 

Now consider the set 

2 N—2 / /V — 2 

-E = {u> G : such that u~^~w ^ and / u wvdv g = 0} 



M 

and define 



Ao „ = inf 



S M wL 9^ w ) dv 9 



^ Im \u\ N ' 2 W 2 dVg ' 

Let (w m ) be a minimizing sequence for A' 2 i.e. a sequence tu m G £ such that 

Hm J M w ™ L g( w ™) dv 9 = 

The same arguments lead to a minimizer u> to \' 2 g with J u N ~ 2 w 2 = 1. 

M 

Now writing 

u N ~ 2 wvdv g — J u N ~ 2 v(w — w m )dv g + J u N ~ 2 w m vdv g 

M M M 

and taking account of / u^ 2 WmV d Vg = and the fact that Wm - W weakly 

M 

in L N (M) and since u N ~ 2 v G L«^ rT (M), we infer that 

u N ~ 2 wvdv g = 0. 



,1/ 



Hence (j5]) and © are that satisfied with X' 2 instead of A2,g. □ 
Proposition 4. PFe have 

Proof. The Proof is the same as in ([3]) so we omit it. □ 

Remark 1. If p > n then u G H\ (M) C C 1 (M), &j/ Theorem w and 
u> G C 1 (M) wi/i w > 0. 

Remark 2. J/p > n then u e H% (M) c C 1 (M) and A 2 ,g = \i t g, we see 
that \w\ is a minimizer for the functional associated to Xi,g, then \w\ satisfies the 
same equation as v and by Theorem^ we get \w\ > 0, this contradicts relation (0|) 
necessarily 

^2,g > Al,g. 
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3. Variational characterization and existence of /i 1 

In this section we need the following results 

Theorem 13. Let (M,g) be a compact n -dimensional Riemannian manifold. 
For any e > 0, there exists A(e) > such that Vw G H 2 (M), 

\\u\\ 2 N <(K 2 + e)\\Vu\\ 2 + A(e)\\u\\ 2 

-2 

where N = 2n/ (n — 4) and K 2 = 4/(n(n — 2)) w„ n . uj n is the volume of the round 
sphere S n . 

Let [g] — {u N ~ 2 g : u e H\ (M) and u > 0}, we define the first singular 
Yamabe invariant Mi as 

(j,! = _inf A 1 .gt/o?(M,g) 2/ " 
se[s] 

then we get 

• t J M vL g( v ) dv 9 , f n j \ — 
Mi = mf sup M ( / u" dvg)*. 

ueu>>,veGr?(Ht) ve v J M \u\ N - 2 v 2 dvg y J 

M 

Lemma 2. We have 

Mi < M < ^~ 2 - 

Proof. If p > 2n/(n + 2), the embedding flf (M) C B\ (M) is true, so 

• f J M vL g( v ) dv g f f n ■ \ — 
Ml = 1111 su P"r — i i v 9 9 , ( / u dv g) n 

ueH%,veGr?(Hl(M)) v& v J M \u\ N ~ 2 v 2 dv g J 

M 

■ r J M vL g( v ) dv g i f n . \ — 

< mf sup , ( / u"dv g )™. 

ueH%,VeGr?(HP(M)) veV J M \u\ N ~ 2 v 2 dv g J 

M 

in particular for p > ^ and u — v we get 

• r J M vL g( v ) dv g ft n, ,i 

Mi < mf sup M ( / v"dv g )™ = fi 

veHr,VeGrUH?(M)) veV J M \v\ N ~ 2 V 2 dv g V 

M 

i.e 

Mi < M < ^~ 2 - 

□ 

Theorem 14. If fi > 0, t/iere exits conform metric g = u N ~ 2 g which mini- 
mizes fi x . 

Proof. The proof will take several steps. 
Stepl. 

We study a sequence of metrics g m = u^ 2 g with u m G iff (M), u m > 
which minimize fi x i.e. a sequence of metrics such that 

^ ^\im \ hm (Vol(M,g m ) 2 ^. 
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Without loss of generality, we may assume that Vol(M, g m ) = 1 i.e. 

u^dv g = 1. 

M 

In particular, the sequence of functions u m is bounded in L N (M) and there 
exists u £ L N (M), u > such that u m — > u weakly in L N (M). We are going to 
prove that the generalized metric u N ~ 2 g minimizes fi 1 . Proposition [3] implies the 
existence of a sequence (v m ) of class iff (M), v m > such that 

L g (v m ) = Al 

and 

/ u Z~ 2 v^dv g = 1. 
Jm 

now since /i > 0, by Proposition Q] L g is coercive and we infer that 

c||« m ||fl? < / v m L g (v m )dv g = Ai. m < fi 1 + 1. 

The sequence (v m ) m is bounded in H\ (M), we can find v £ H\ (M), v > such 
that v m —> v weakly in H\ (M). Together with the weak convergence of (u m ) m , we 
obtain in the sense of distributions 

Lg(v) = /^U^V 

Step2. 

Now we are going to show that v m — > v strongly in H\ (M). 
We put 

V m V 

then z m — > weakly in H\ (M) and strongly in L q (M) with q < N, and writing 

Vv m \ 2 dvg — / \\7z rn \ 2 dvg+ / \Vv\ 2 dv g +2 / Vz m SJvdv g 
m Jm Jm Jm 

we see that 

/ \Vv m \ 2 dv g = I |Vz m | 2 dvg + / \Vv\ 2 dv g + o(l). 
Jm Jm Jm 

Now because of 2p/(p — 1) < N , we have 

n — 2 n — 2 
T( —Sg(v m -v) 2 dv g < — rT||5 9 ||p||u m -v\\_ip_ -> 

4^71 — 1J 4^77 — 1 ) p-i 

so 

lf dT^ry^^ 2 ^ = / M 47^1) v ^ + 0(1) 



and 



M 



|Vu m | (iw g + / — ; —S g (v m ) dvg 

Jm 4 l n _ 



[ \VZ m \ 2 dVg+ [ \Vv\ 2 dVg+[ ^-JLS g (v) 2 dV g +0(1). 

Jm Jm Jm 4 l n _ L ) 
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Then 



V m LgV m dVg 



[ \Vz rn \ 2 dv g + [ \Vv\ 2 dv g + [ " 2 S g v 2 dv g + 0(1) 
Jm Jm Jm 4 l™ _ 



M 

And by the definition of [i and Lemma [2] we get 
n-2 

V"' ~" y ' Jm 4(n - 1) 

M M 

then 



IVV^dVg + I — -Sg(v) 2 dVg > H{ I V N dVg)~ > ^ ( / « W dV g ) ' 



v m Lg(v m )dv g > I \Vz m \ dv g + ^(1 v dv g ) N +0(1). 
m Jm J 

M 

And since 

v m L g (v m )dvg = Ai, m < //! +0(1) 



M 



M 

and 

r \VZ m \ 2 dVg+ fl^j V N dVg)^ £ Mi +0(1) 

Af 
i.e 

(10) /*iNlAT + HVz m ||i < Mi +0(1) 

Now by Brezis-Lieb lemma, we get 



lim / Vm + z mdv g = I v N dv a 

M 



M 

lim \\v m \\%-\\z m \\%=\\v\\%. 

m 

Hence 

IJV , r,fi\ ll~ II iV i IL.IliV 



IW^ + o(i) = ||2 tro ||^ + H^. 

\m ' 



By Holder's inequality and J M 2 v^ n dv g = 1, we get 



Kllw > i 



i.e. 

..N , N , . _ / „JV 



v N + dv g = / vZdvg + 0(1) > 1 + 0(1). 
m Jm 



Then 

_2_ 

/ r \ n ft 



[ v N dv g ) N + ( [ zZ'lr, j ; I HKII 
Jm / \Jm 



i.e. 



IM& + N&> 1 + 0(1). 
Now by Theorem [13] and the fact z m — » strongly in i 2 , we get 

||*m|ft < (if 2 +e)||Vz m || 2 + o(l) 

1 + o(l) < \\z m \\ 2 N + IMft < \\v\\% + (K 2 + e)\\Vz m \\ 2 + o(l). 
So we deduce 
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1 + o(l) < \\v\\% + (K 2 + E)||V* ro ||! + o(l) 
and from inequality ()10[) . we get 

l|Vz m ||l + < ^((K 2 + e)\\Vz m \\ 2 2 + \\v\\%) + o(l). 

So if li 1 K 2 < 1, we get 

(l-[ h (K 2 + e))\\Vz m \\ 2 )<0(l) 
i.e. v m — > v strongly in H 2 (M). 
StepS. We have 

r / / JV— 2 2 JV— 2 2 , N-2 2 AT— 2 2\ j 

hm / (u m v m -u v + u m v - u m v ) dv g 
m Jm 

= lim J {u N m - 2 {v 2 m v 2 ) + (uZ~ 2 u N - 2 )v 2 ) dv g . 



Now since u m — > u a.e. so does 2 — > u w 2 and J M 2 dv g < c, 



M 

A-2 . „, N- 



hence 2 is bounded in L N ^ N 2 ) and up to a subsequence " —> u 
weakly in L N ^ N ~ 2 \ Because of v 2 £ L%(M), we have 

lim / «- 2 - Z- 2 ). 2 ^ = 
m J 

and by Holder's inequality 

lim | u^ 2 {v m -v) 2 dv g < ( | *&dv g )l N -*V N (J \v m -v\ N dv g )v < 0. 

By the strong convergence of v m in L N (M), we get J M u N ~ 2 v 2 dv g — 1, then 
and u are non trivial functions. 
Step4- 

Let u = av E (M) with a > a constant such that / u N dv g = 1 with v 

M 

solution of 

L g( v ) = ViU N ~ 2 v 

with the constraint 

f u N - 2 v 2 dv g = l. 

JM 

We claim that u = v; indeed, 

I M vL a( v ) dv 9 



Mi < 



IM 

hi vL g {v)dv g « 2 Mi J M u N - 2 v 2 dv g 
and Holder's inequality lead 

< Mi / (u) JV " 2 (ai;) 2 di; s 

JM 



J M U N 2 V 2 dVg 



THE SECOND YAMABE INVARIANT WITH SINGULARITIES 



13 



jy . jv-2 



And since the equality in Holder's inequality holds if 

u = u = av 

then a = 1 and 

u = v . 

Then v satisfies L g v — /j,^ 1 ^^ 1 , by Theorem H"2l we get v = u G iJ 2 C 

C* 1 "!?]'' 3 (M) with /3 G (0, 1) and u = u > , 
Resuming, we have 



= ^t^" 1 , / v N dv g = 1 and v = u E H% (M) C C 1 -^ 3 {M) 

J M 

so the metric g = u N ~ 2 g minimizes fi 1 . □ 



4. Yamabe conformal invariant with singularities 

Theorem 15. If ^>0, then fi 1 = fi 
Proof. Stepl 

If \x > 0. Let v such that L g (v) = n 1 v N ~ 1 and J M v N dv g = 1 then 



H X = / vL g (v)dv g > c\\v\\ H 2 
Jm 

and v in non trivial function then fi 1 > 0. On the other hand 

< / vL g (v)dvg = n x 
Jm 

and by Lemma [2] , we get 

Mi = l l 

Step2 

If n = 0, Lemma [2] implies that ^ < , hence 

Mi =o. 



□ 



5. Variational characterization of n 2 

Let [<?] = {u N ~ 2 g, u G -fff (M) and u > 0}, we define the second Yamabe 



invariant fi 2 as 

2/r. 



/i 2 = Jnf A 2 ,gV r o/(M, g) 



or more explicitly 



. f J M vL 9( V ) dv 9 , I \ , , 

/i 2 = ml sup ( / u dvg)' 

ueHF,V£Gr%(H2(M)) V £V J M \ U \ V dv 9 ' 



M 
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Theorem 16. pQ On compact Riemannian manifold (M,g) of dimension n> 
3, we have for all v 6 H 2 (M) and for all u 6 L 1 ^ (M) 



2~ \u\ N - 2 v 2 dv g <{K Z \Vv\ 2 dv g + B Q v 2 dv g ){ u N dv g )~ 
Jm Jm Jm J 

M 

Or 

2* f \u\ N - 2 v 2 dv g < Mi(5„)( f C n \Vv\ 2 +B v 2 dv g )([u N dv g )% 

JM J M J 

M 

Theorem 17. pQ For any compact Riemannian manifold (M,g) of dimension 
n > 3, there exists B$ > swc/i </ia< 

Ml (5 n )=n(n-1K/ =mf ^ ^p^^ 

where LJ n is the volume of the unit round sphere 



( / \ U \ N dVg) 2/N < K 2 / \Vu\ 2 dVg + I B U 2 dVg 

Jm jm 
K 2 = MSn)" 1 ^ and C n = (4(n - l))/(n - 2) 



6. Properties of /j, 2 

We know that g is smooth in the ball B p (S) by assumption (H), this assump- 
tion is sufficient to prove that Aubin's conjecture is valid. The case (M,g) is not 
conformally flat in a neighborhood of the point P and n > 6, let r\ is a cut-off 
function with support in the ball B p (2e) and i] = 1 in B p (e), where 2e < S and 



r 



with r = c?(p, q).We let u e = 77ii e and define 



(/ M |«rd« fl )a/^ 
We obtain the following lemma 
Lemma 3. pQ 

„_w, ]U f {(^- 2 -c| W (P)|V + 0(e 4 ) z/n>6 
; - \ .ftT- 2 -c|w(P)| 2 £ 4 logi + 0(e 4 ) i/ 7i = 6 

where \w(P)\is the norm of the Weyl tensor at the point P and c > 0. 

Theorem 18. If(M,g) in not locally conformally flat and n > 11 and fi > 

M2 <((m^ + (^- 2 ) 5 )« 

and if fi = , n > 9 i/ien 

Proof. With the same method as in pQ, this lemma follows from theorcnfTSl 

□ 
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7. Existence of a minimizer to /j 2 

Lemma 4. Assume that v m — > v weakly in H 2 (M), u m — > u weakly in L N (M) 
and j M u m N ~ 2 v m 2 dv g — 1 then 



«m - vYdVg = 1 - / U N - Z V Z d Vg + 0(1) 

M JM 



Proof, we have 



/ u m N 2 {v m - v) 2 dv g 

JM 

= I u m N ~ 2 v m 2 dv g + / u m N ~ 2 v 2 dv g - / 2u m N ~ 2 v m vdv g 

JM JM JM 

(15) =1+1 u m N ~ 2 v 2 dv g - / 2u m N ~ 2 v m vdv g . 

JM JM 

Now (u m N - 2 ) m is bounded in (M ) and u m N ~ 2 -> u Ar ~ 2 a.e., then u m N ~ 2 

u N ~ 2 weakly in L 7 ^ (M) and V</> G L% 

/ 4>u m N ~ 2 dv g — > / (f>u N ~ 2 dv g 

JM JM 

in particular for <p — v 2 

I v 2 u m N ~ 2 dv g — > / v 2 u N ~ 2 dv g . 

JM JM 

f M u m N ~ 2 v m dv g is bounded in L«^t (M), because of 

/ U m N ~ 2 ^V^dVg<(( U m N dVg)^(f vZdVg)^ 

JM JM JM 

and u m N ~ 2 v m -> u N ~ 2 v a.e., then u m N ~ 2 v m — > u N ~ 2 v weakly in L*^ (M). 
Hence 



/ 2 v m vdv g -> / / 2 v 2 cfo g 

and 

/ ti/" 2 (»™ - ") 2 ^ s = 1 - / ~ 2 v 2 dv g + o(l). 

□ 

Theorem 19. J/ 1 — 2~iK 2 fi 2 > 0, then the generalized metric u N ~ 2 g 
minimizes yU 2 

Proof. Step! 

We study a sequence of metrics g m = u^~ 2 g with u m G H 2 (M), u m > which 
minimizes the infimum in the definition of /i 2 i.e. a sequence of metrics such that 

H 2 = \im\ 2 ^{Vol{M,g m ) 2 / n . 
Without loss generality, we may assume that Vol(M, g m ) = 1 i.e. that J M u^dv g = 
l.In particular, the sequence of functions (u m ) m is bounded in L N (M ) and there 



1(5 
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exists u € L N (M), u > such that u m — > u weakly in L N . We are going to 
prove that the generalized metric u N ~ 2 g minimizes /i 2 .Proposition!!], implies the 
existence of v m ,w m G Hf (M), v m > such that 

L g {v m ) = Ai 

Lg(w m ) = \2, m uZ~ 2w m 

And such that 

U Z~ 2 tfn dv 9 = \ U Z~ 2w ln dv 9 = !> / U^- 2 V m W m dv g = 0. 
' M JM JM 

The sequence v m ,w m is bounded in H 2 (M), we can find v, w € i? 2 u > 
such that v m — >• u , tu m — > u> weakly in if 2 (M). Together with the weak 
convergence of (u m ), we get in weak sense 

L g (v) = jilu N ~ 2 v 

and 

Lg{w) = fj, 2 u N ~ 2 w 

where 

= limAi, m < [i 2 . 

Step2. 

Now we show v rn v , w m — s- w strongly in i/ 2, (M). Applying Theorem 1161 
to the sequence v m — v, we get 

\u m \ N - 2 (v m -v) 2 dv g < (2-iK 2 [ \\7(v m -v)\ 2 dv g + [ B (v m -v) 2 dv g )( [ u N dv g 

M JM JM 



M 



and since v m — ¥ v strongly in L 2 



u m \ N - 2 (v m ~ vfdvg < (2-~K 2 / |V(«m - v)\ 2 dv g + o(l) 

< (2"»if 2 / |V(w m )| 2 + \Vv\ 2 - 2Vv m Vvdv g + o(l). 
By the weak convergence of (v m ) , J M Vv m Vwdf ff = J M | Vi;| 2 dv g + o(l) 



Kr~>m ~ vfdVg < / |V(u m )| 2 - \Vvf dv g + o(l) 

M Jm 



and since 



we get 



n - 2 ~ 2 . _ [ n ~ 2 c ,.2, 



' M 4(^i) ^ = y M it^iy v + 0(1) 



M iV ~> m " vYdVg < 2-~K\ \ \V( Vm )\ Z ~ \Vv\Uv g 
M JM 

+ f A ?~ 2 ^ S 9(v 2 m-v 2 )dv g )+o(l)<2-iK 2 ([ v m Lg(v m )-vLg(v)dv g ) + o(l) 

JM — L ) JM 

<2-*^ 2 (Ai, m -^ / u N ~ 2 v 2 dv g )+o{l) 

JM 
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By the fact 'fT i = limAi, m < /Lt 2 

< 2-^K 2 ^ 2 (\ - f u N - 2 v 2 dv g ) + o{l) 
Jm 



Then 



M >m - vydvg < 2--K 2 fi 2 (l - / u N - 2 v 2 )dv g + o(l) 
m Jm 

Now using the weak convergence of (v m ) in H± (M) and the weak convergence of 
(u m ) in L N (M), we infer by Lemma 0] that 



then 



U m \"-\v m ~VYdV g = l- / U n '% Z dVg+0(l) 

m Jm 



1- vT-^dvg < 2-«i^> 2 ( 1 - / « w )* s + o(l) 

' Jm 



and 



1 - 2-^K 2 n 2 < (1 - 2-^/sT 2 /i 2 ) / u N ~ 2 v 2 dv g + o(l). 
So if 1 - 2-»K 2 fj, 2 > then 

' u N - 2 v 2 dv n > 1. 



A/ 



and by Fatou's lemma, we obtain 



u N 2 v 2 dv rj < lim / 2 v 2 n dv g = 1. 

m Jm 



We find that 



(16) / u w -V& s =l. 



9 
M 



So u and u are not trivial. 
Moreover 



M 



\V(v m - v)\ 2 dv g = J (|V(v m )| 2 + \\7v\ 2 - 2Vu m Vu) dv g 



|V(w m )| 2 - \Vv\ 2 dv g +o(l) 



M 



and since J M <5 S (v m 2 — « 2 ) dw 9 = o(l), we get 



V(u m - v)| 2 cfo g = / v m L g (v rn ) - vLg(v)dv g + o(l) 
<H 2 (1- I u N - 2 v 2 dv g ) +o(l) 



Then, by relation (|16l) 



A/ 



|V(u m - u)| 2 dw 9 = o(l) 



A/ 
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and v m — > v strongly in H 2 (M) .The same argument holds with (w m ), hence w m — > 
w strongly in H 2 (M) and J M u N ~ 2 w 2 dv g = 1. 

To show that J M u N ~ 2 vwdv g — 0, first writing and using Holder's inequality, 
we get 



(u™ 2 v m w m - u N 2 vw) dv a 



( N-2 N—2 
(U m V m W m - U m VWn 



'M 



I M 



+ 2 vw m — u N 2 vw) dvg 



JM 



N-2 



(v m - v)w m dv g + / (u 



JM 



N-2 



VU\, 



.N-2 



VW 



) dVg 



JM 



{v m - v)]dv g + 



JM 



N-2 



vw m - u 



N-2 



VW 



)dVg 




< 



V m - V 



JV 



dv a 



IM 





■/( 




JM 



,N-2 



v{w m -w) + (u 



N- 



2 -u N - 



l )vw) dvg 



< 



/ k 

\JM 



N \ If — N 

v\ dv g \ +J \{u m 2 v)(u m 2 (w m -w)) + (u m 



2 - u N - 



dv a 



< 



IM 



v\ N dv a 



,N-2„,2 



v dv 



'M 



N-2 



I M 



(w m - w) 2 dv g + (u 



N- 



2 -u N - 



l )vwdv g 



IM 



< 



/ \v m -v\ N dv g ) +( 2 v 2 dv g \ ( / \w m - w\) N dv g ) +/ (u™ 2 -u N 2 )vwdv g . 

\J M J \J M J \J M J JM 

Now noting that 

/ U m - 2 V 2 dVg<([ U m dVg)^([ «,"*,,)*< +00 

JM JM JM 
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and taking account of 2 u N 2 weakly in L N ~ 2 (M) and the fact that 
vw € we deduce 

' (u^- 2 - u N - 2 )vwdv g -> 

M 

hence 

u N ~ 2 vwdv g = 0. 

M 

Consequently the generalized metric u N ~ 2 g minimizes fi 2 . □ 



Theorem 20. If /i 2 < if 2 , then generalized metric u N 2 g minimizes /i 2 
Proof. Stepl. 

We study a sequence of metrics g m = u^~ 2 g with u m 6 H 2 (M), u m > which 
attained \x 2 i-e. a sequence of metrics such that 

fi 2 =\im \ 2 , m (Vol(M,g m ) 2 / n . 



Without loss of generality, we may assume that Vol(M, g m ) — 1 i.e. /' 



i N dv 
l m uu g 



M 



l.In particular, the sequence (u m ) m is bounded in L N (M)and there exists u G 
L N (M), u > such that u m — »■ u weakly in L w (M).We are going to prove that 
the metric u N ~ 2 g minimizes fi 2 . Proposition[3]and Theorem [S] imply the existence 

of v m , w m £ C 1_ [p]^, with (3 E (0, 1) (M), w m > such that 

L g (v m ) — Ai :?n M^ 2 i> m 



JV-2„ 



Lg(lV m ) = X 2 ,mU 

and 

u Z~ 2v li dv g = / u Z~ 2w m dv g = !) / u m~ 2v -mW m dv g = 0. 
M ./M JM 

The sequences (u m ) m and (w m ) m are bounded in -ff 2 , we can find u, iu 6 -ff 2 
with v > such that i> m — >• u, w m — > w weakly in H 2 . Together with the weak 
convergence of (u m ) m , we get in the weak sense 

L gi v ) = lHU N ~ 2 V 

and 

Lg(w) = n 2 u N ~ 2 w 

where 

fTl = limAi, m < fj, 2 . 

Step2. 

Now we are going to show that v m — > v , w m — > w strongly in H 2 \ 

By Holder's inequality, Theorem [T3l strong convergence of v m in L 2 ,we get 

M^^-n - «) 2 d« g < IK -v\\ 2 N < K 2 \\V(v m - v)\\ 2 2 + o(l) 
< if 2 / |V(w m )| 2 + |Vw| 2 - 2V« m V«d« fl + o(l) 
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<K Z / \V(v m )\' -\Vv\Uv g + o(l) 
Jm 



< K / v m L g (v m ) - vL g (v)dv g + o(l) 



a 

M 



< 

and with Lemma 3] 



then 



i.e 



#> 2 (1- / u N - z v z dv g ) + o{l) 

M 



\u m \ N ~ 2 {v m -v) Z dVg = l- / /-Vd^+Ofl) 

m Jm 

1- f u N - 2 v 2 dv g < K 2 fi 2 (l ~ [ u N - 2 v 2 dv g )+o(l) 
Jm Jm 



1 - K 2 fi 2 < (1 - K 2 v 2 ) [ u N - 2 v 2 dv g 
Jm 

so if 1 - K 2 /i 2 > , 



u N - 2 v 2 dv g > 1. 

M 



On the other hand since by Fatou's lemma 

u N ~ 2 v 2 dv g < lim / u^ 2 v 2 n dv g = 1. 
A/ JM 

Then 

/ u N - 2 v 2 dv a = l. 
Jm 

and 



M 



|V(u m - v)\ 2 dv g = o(l) 

M 

Hence u m — > w strongly in iJ 2 - C L . 

The same conclusion also holds for (w m ) m . □ 
Lemma 5. Let u G wii/i / u N dv g — 1 and 2 , u> nonnegative functions in 

M 

H 2 satisfying 

(20) / wLg{w)dv g < fi 2 u N - 2 w 2 dv : 



g 

M JM 



and 



(21) / zLg(z)dv g < /i 2 / u N ~ 2 z 2 dv g 

Jm Jm 

And suppose that [M — z (0)) PI (M — w~ l {0)) has measure zero. Then u is a 
linear combination of z and w and we have equality in \2U\) and 

Proof. The proof is the same as that of Aummann and Humbert in pp. □ 
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Theorem 21. If a generalized metric u N 2 g minimizes fi 2) then there exist a 
nodal solution w e H% C C 1 ^ 1 ^^ 13 
of equation 

(22) L g (w) = ii 2 u N - 2 w 

More over there exist a,b > such that 

u = aw+ + buu- 
With w + = sup(w,0) and w_ = sup(— w,0) . 

Proof. Stepl. Applying Lemma[5]to w + = sup(w,0) and w- — sup(—w,0), 
we get the existence of a, b > such that 

u = aw+ + bw- . 

Now by Lemma [fl w+, w_ G L°° i.e. u G L°° , u N ~ 2 G then 

h = S g - fi 2 u N - 2 e L p 

and from Theorem I12| we obtain 

u> G flf c C 1 -!* 1 ^^. 

Step 2. If /Lt 2 = Hi, we see that |to| is a minimizer to the functional associated 
to then |io| satisfies the same equation as v and Theorem 1121 shows that \w\ — 
w G -fff CC C 1_ I"/ p l'^ that is \w\ > everywhere, which contradicts the condition 
(9) in Proposition [3] , then 

fi 2 > in- 
Step 3. The solution w of the equation (|22|) changes sign. Since if it does not, 
we may assume that w > 0, by step2 the inequality in pop is strict and by Lemma 
([5]) we have the equality: a contradiction. □ 

Remark 3. Stepl shows that u is not necessarily in (M) and by the way the 
minimizing metric is not in H 2 {M ,T* M ®T* M) contrary to the Yamabe invariant 
with singularities. 
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